We investigate the stability of a fluid confined between two cylinders that rotate at same constant angular speed. In the case of infinite cylinders, or endwalls rotating with the cylinders, the flow is in solid-body rotation and hence linearly stable for any rotation speed. However, when the endwalls are stationary, a large-scale circulation is driven by radially inward boundary layer flow on the endwalls. For sufficiently high angular speeds, this circulation becomes unstable to azimuthal waves. As the length-to-gap aspect ratio of the system is increased, a wealth of instabilities is revealed. It is particularly interesting that for all these instabilities the associated energy is localized in the equatorial region, as far from the endwalls as possible. This shows that care must be taken when assuming localized endwall effects in simplified models.
I. INTRODUCTION
Flow in the annular gap between two rotating cylinders has been a paradigm problem in fluid dynamics and central to many developments in the field. The theoretical and numerical analysis of this system, known as the Taylor-Couette flow, is greatly simplified when the length-to-gap aspect ratio ⌫ is assumed to be infinite, endowing the system with translation invariance in the axial direction. Under this assumption, the Navier-Stokes equations admit a basic flow which consists of a pure azimuthal shear, circular Couette flow. For stationary outer cylinder and rotating inner cylinder, the radial distribution of angular momentum of the Couette flow is centrifugally unstable, and when the Reynolds number Re is large enough, the system forms radial jets that transport angular momentum from the inner cylinder boundary layer to the outer cylinder. The resulting secondary steady flow consists of an infinite array of pairs of counter-rotating cells, which is periodic in the axial direction. This cellular pattern is known as the Taylor-vortex flow.
In a laboratory experiment the presence of endwalls destroys the axial translational symmetry. Moreover, the equations of fluid motion are elliptic so effects from the boundaries are felt over the entire annular domain. 1 Therefore, it is not surprising that an important part of literature on the subject has been devoted to determining finite-length effects. The predicted onset of centrifugal instability for infinite cylinders is in good agreement with experimental apparatuses of aspect ratios as low as ⌫ = 8. Nevertheless, one needs ⌫ =40 to obtain quantitative agreement for the threshold of the secondary instability. 2 For endwalls at rest, the no-slip boundary conditions of a physical apparatus generate a boundary layer flow driven by the discontinuity in azimuthal velocity at the junctions between the rotating inner cylinder and stationary endwalls. This boundary layer flow is radially inward and generates a toroidal vortex adjacent to each endwall. On increasing Re, the vortices become stronger and excite centrifugal instability, resulting in a cellular flow which eventually fills the apparatus, the normal Taylor-vortex flow.
Anomalous cellular patterns with a radially outward boundary layer flow may also be obtained. 1, [3] [4] [5] [6] The competition between anomalous and normal cellular flows has been extensively studied for ⌫ ϳ 1, 4,7-10 and a comprehensive understanding of the dynamics has emerged. 11 The interaction between endwall effects and centrifugal instability has been investigated considering several different boundary conditions at the endwalls. 12 More recently, new classes of spiral flows that only exist when endwalls are present have been found in counter-rotating regimes. 13, 14 These spiral flows compete with the classic spirals from linear stability analysis, 15 which are confined by endwall vortices. 16 Common to these studies is the investigation of regimes dominated by the centrifugal instability. When the two cylinders rotate at the same angular speed, in the limit of infinite aspect ratio, the flow is in solid-body rotation and is stable to infinitesimal perturbations. In the finite case, the solid-body rotation state is lost as soon as there is any difference between the angular speed of endwalls and cylinders. When the endwalls are rotating at a different rate from the ambient rotation, Ekman layers form on the endwalls, and in the limit of stationary endwalls, Bödewadt boundary layers form. 17 All of the analyses of these boundary layers ͑which impose solid-body rotation far from the layers͒ suggest that the effects are local to the boundary layers, 18, 19 and confined Bödewadt flows in cylinders also suggest localized effects. [20] [21] [22] Bödewadt boundary layers in centrifugally stable annular configurations allow one to investigate the global effect of these types of boundary layers in enclosed flows. In particular, the question we wish to address here is as follows: How does the presence of stationary endwalls manifest itself in the otherwise stable solid-body rotation configuration? We have found that the presence of stationary endwalls with cylinders both rotating at the same angular rate ͑the Bödewadt setting͒ drives a large-scale circulation which fills the entire annular region, and furthermore, that the primary instability is not localized near the endwalls but rather manifests itself as far as possible from them at the equator, precisely where it has usually been hoped that the presence of endwalls would be minimal.
II. GOVERNING EQUATIONS AND NUMERICAL METHODS
Consider an incompressible fluid of kinematic viscosity confined between two concentric cylinders of length h and inner and outer radii r i ‫ء‬ and r o ‫ء‬ . The two cylinders rotate at the same constant angular speed ⍀, whereas the top and bottom endwalls remain at rest. The system is nondimensionalized using the gap, d = r o ‫ء‬ − r i ‫ء‬ , as the length scale and ⍀ −1 as the time scale. The dynamics are governed by three parameters,
In this study, we fix the radius ratio at ␦ = 0.5, yielding nondimensional inner and outer radii of r i = 1 and r o = 2, respectively. The flow is governed by the incompressible NavierStokes equations
In cylindrical coordinates, ͑r , , z͒, the nondimensional velocity is v = ͑u , v , w͒ and the corresponding vorticity is Together, they generate the symmetry group G = SO͑2͒ ϫ Z 2 of the system.
A. Numerical formulation
The governing equation ͑1͒ has been solved using a second order time-splitting method. 23 The spatial discretization is via a Galerkin-Fourier expansion in and Chebyshev collocation in x =2r − r i − r o and y =2z / ⌫, of the form
where the function f = real͑F͒ represents the three velocity components and pressure. For each Fourier mode in Eq. ͑5͒, the corresponding Helmholtz and Poisson equations are solved efficiently by using a complete diagonalization of the operators in both the radial and axial directions. Note that to decouple the Helmholtz equations for u and v, we have used the combinations u + = u + iv and u − = u − iv. 24 The idealized boundary conditions in Eq. ͑2͒ are discontinuous at the junctions where the stationary endwalls meet the rotating cylinders, ͑r = r i , z = Ϯ⌫/ 2͒ and ͑r = r o , z = Ϯ⌫/ 2͒. In a physical experiment there are small but finite gaps at these junctions where the azimuthal velocity adjusts rapidly to zero. For an accurate use of spectral techniques, a regularization of these discontinuities is implemented of the form
where ⑀ is a small parameter that mimics the small physical gaps ͑we have used ⑀ = 0.006͒. The use of ⑀ 0 regularizes the otherwise discontinuous boundary conditions; see Ref. 25 for further details on the use of this technique in spectral codes.
The spectral solver used here is based on a previous scheme recently tested and used in a wide variety of flows in enclosed cylinders. [26] [27] [28] We have checked the spectral convergence of the code using the infinity norm of the spectral coefficients of the computed solutions, defined as ʈa l ʈ ϱ = max n,m ͉a l,n,m ͉ for the radial direction, and analogously for the axial and azimuthal directions. Figure 1 shows ʈa j ʈ ϱ , with j = l , n , m, of the radial velocity u for a m = 3 rotating wave at Re= 1800 and ⌫ = 6. This solution has been computed with L = 48 and N = 200 Chebyshev points in r and z, and M =18 Fourier modes in . Overall, we have used up to L = 64, N = 400, and M = 75 depending on ⌫, Re, and the azimuthal wavenumber of the computed solutions, ensuring that the trailing coefficients of the spectral expansion ͑5͒ are at least five orders of magnitude smaller than the leading coefficients. Time steps as small as ␦t = 0.013 have been required for numerical stability and accuracy of the second-order temporal scheme. 
III. BASIC STATE
For low Reynolds numbers the flow is steady, axisymmetric, and reflection symmetric about the equator, i.e., with symmetry group G inherited from the system. Figure 2 shows contours, in a meridional plane, of the stream function , radial velocity u, and angular momentum ␣ = rv of the basic state for ⌫ = 6 and Re= 900 and 1800. The flow is characterized by two elongated counter-rotating circulation cells, illustrated by the streamlines . This large-scale circulation is driven by a radial inflow, corresponding to negative radial velocity u in the stationary endwall boundary layers. Due to the presence of the inner cylinder, the fluid is forced to turn and flow along the inner cylinder, resulting in axial velocities driving fluid to the equatorial region. The fluid is recirculated to the outer cylinder and subsequently to its junctions with the endwalls, closing the streamlines.
In the case of endwalls rotating at the same angular speed as the cylinders, the fluid motion is purely azimuthal with angular momentum contours, ␣͑r͒ = r 2 / r o , corresponding to vortex lines that are parallel to the axis of rotation. However, in the case of stationary endwalls, the fluid is no longer in solid-body rotation but in a Bödewadt boundary layer configuration. The vortex lines are tangential to the stationary endwalls and they emanate and terminate at the corners ͑see contours of ␣ in Fig. 2͒ . Near the endwalls, the vortex lines bend in the radial direction and generate strong axial gradients of ␣ which ultimately produce a radial inflow in the endwall boundary layers, 17, 21 shown as gray contours of radial velocity in Fig. 2 . Figure 3 shows profiles of azimuthal and radial velocity at midgap r = 1.5 close to the wall at z =−⌫ / 2; the axial coordinate z has been scaled with Re 0.5 , illustrating the expected Bödewadt boundary layer velocity profiles and thickness scaling.
For low Reynolds numbers, endwall effects do not propagate far into the interior. Although the basic state consists of a large-scale circulation, the meridional flow is slow outside the boundary layers. Figure 4͑a͒ shows profiles of the axial velocity w close to the inner cylinder, at r = 1.1, for various Re. At Re= 500, large axial velocities are confined near the endwalls and gradually decrease in magnitude toward the equator, where w = 0. However, as Re is increased, the axial velocity tends to be constant outside the endwall boundary layers. This results in large axial velocities of opposite sign in the equatorial region which strengthen the radial flow at the equator. Figure 4͑b͒ shows profiles of u at the equator for the same Reynolds numbers as in Fig. 4͑a͒ . The strength of the radial outflow remains essentially unchanged up to about Re= 1200. However, for ReϾ 1200 endwall effects are no longer localized and the radial outflow tends to concentrate at the equator, generating a strong radial swirling jet which extends from the inner cylinder to about midgap. The variation of the maximum radial velocity at the equator, U max = max͓u͑r , z =0͔͒, for Re ͓0 , 2000͔ is plotted in Fig. 5 , illustrating the change in behavior at about Re= 1200. This change can also be observed in the contours of radial velocity in Fig. 2 , where for low Re the radial flow in the interior is seen to consist of a weak effusive flow out of the inner cylinder, whereas for higher Re an equatorial swirling jet forms and strengthens linearly with Re.
IV. INSTABILITY OF THE EQUATORIAL JET
For sufficiently high Reynolds numbers the steady basic state becomes unstable and more complex secondary flows appear. According to the equivariant branching lemma, 29 the symmetry group of the basic state determines the type of symmetry breaking bifurcations that may occur. For the The bifurcating state is a rotating wave with Hopf frequency and azimuthal wavenumber m. Moreover, it is invariant under discrete rotations of angle =2 / m, R 2/m , that generate the generic symmetry group Z m of a rotating wave RW m emerging from a SO͑2͒-Hopf bifurcation. 29 The precise manner in which the additional reflection symmetry of the basic state is broken or preserved in the bifurcation distinguishes the different modes of instability. If K z is preserved the rotating wave has the symmetry group Z m ϫ Z 2 and will be termed RW m + . When K z is broken, the rotating wave RW m − is still invariant to a combination of the reflection symmetry K z and a rotation of R /m , and the symmetry group is now Z 2m . 30 The bifurcation curves have been computed by linear stability methods, determining the growth rates of perturbations with the appropriate symmetries, i.e., working in the symmetric subspaces invariant to Z m ϫ Z 2 or Z 2m . We have obtained a critical curve for each type of perturbation. Figure  6 shows the lower envelope of these curves, which is the stability curve of the basic state, Re c ͑⌫͒, for ⌫ ͓2,10͔. The different sections of Re c ͑⌫͒ are labeled with ͑m , Ϯ͒ indicating a bifurcation to RW m Ϯ . The points where two of the sections meet are bicritical points, double Hopf bifurcations where two different rotating waves bifurcate simultaneously. The double Hopf bifurcation has associated very rich nonlinear dynamics in its neighborhood. Depending on the particulars of the system under consideration, there are many different dynamical scenarios, including quasiperiodic and three-tori solutions, and heteroclinic connections resulting in chaotic dynamics. 31 In the present problem, the presence of several double Hopf bifurcations strongly suggest that complex dynamics is likely to occur beyond the critical curve in Fig. 6 .
A. Moderate to large aspect ratio instability
For moderate to large aspect ratios, ⌫Ͼ3.475, the bifurcating rotating waves break the reflection symmetry K z . However, they are invariant under K z composed with a rotation of angle = / m. The action of this symmetry on the velocity field is 
͑8͒
This spatial symmetry generates the complete symmetry group of the rotating waves, Z 2m . Note that the action of K z and R commute, and that R 2/m = ͑K z R /m ͒ 2 , so Z 2m includes as a subgroup the generic symmetry group of a rotating wave, Z m . Figure 7͑a͒ shows a logarithmic color map of the kinetic energy distribution, E͑r , , z͒ = r͑u 2 + v 2 + w 2 ͒, of a rotating wave with m =3, RW 3 − , at ⌫ = 6 and Re= 1800 after subtracting the axisymmetric component of the flow. The instability manifests in the equatorial swirling jet, where the kinetic energy is concentrated, whereas the endwall boundary layers remain steady and axisymmetric. The shape of RW 3 − is illustrated in Fig. 7͑b͒ , showing the = 0 three-dimensional isosurface of azimuthal vorticity. Figure 8͑a͒ is a snapshot of the radial velocity u in the meridional plane = 0, which may be compared to Fig. 2͑b͒ for the ͑unstable͒ basic state at same parameter values. The spatiotemporal behavior of RW 3 − consists of a periodic oscillation of the equatorial jet in the axial direction. The jets split in two, shedding spots of large positive radial velocity. This can be seen in Fig. 8͑b͒ showing contours of u in a cylindrical surface ͑ , z͒ at r = 1.5. The action of the K z R /m symmetry ͑8͒ can be identified by advancing by an angle of / 3 and reflecting about the equator. Note that due to the spatiotemporal symmetry of rotating wave ͑7͒, Fig. 8͑b͒ can also be interpreted as a space-time diagram, where a rotation of angle is equivalent to a time evolution of t =3 / . The Hopf frequency is = 1.514, corresponding to a prograde precession speed of p = / m = 0.561, i.e., approximately half the angular speed of the two cylinders.
In the case of ⌫ = 6, the critical Reynolds number is Re c = 1674, with azimuthal wavenumber m = 3. As the distance between endwalls is increased, the instability sets in at larger values of Re, as shown in Fig. 6 . The wavenumber of the most dangerous RW m − decreases from m =5 at ⌫ = 3.475 to m =2 at ⌫ = 10, giving rise to double Hopf bifurcation points where the critical wavenumber changes.
B. Small aspect ratio instabilities
The Hopf bifurcation curve of Fig. 6 reaches a minimum at about ⌫ = 4. Further decreasing the distance between endwalls results in a dramatic increase in Re c down to ⌫ = 3.475. At this point, the wavenumber of the most critical rotating wave changes from m =5 to m = 3, corresponding to a different mode of instability. The Hopf bifurcations for ⌫ Ͻ 3.475 do not break the reflection symmetry and therefore are equivalent to generic SO͑2͒-Hopf bifurcations. As a result, the emerging rotating waves are endowed with symmetry group Z m ϫ Z 2 ͑whereas for ⌫Ͼ3.475, RW m − have Z 2m symmetry͒. Figure 9͑a͒ is a logarithmic color map of the kinetic energy distribution E of a rotating wave with m =2, RW 2 + at
͑Color online͒ ͑a͒ Kinetic energy distribution E logarithmic color map of RW 3 − at ⌫ = 6 and Re= 1800 ͑white corresponds to E max = 533 and black to an energy level with E Ͻ 10 −3 E max , and the three-dimensional isosurface corresponds to E =400͒. ͑b͒ The corresponding azimuthal vorticity = 0 isosurface. The axisymmetric component of the velocity field has been subtracted in both figures to aid in visualizing the three-dimensional structure of the flow ͑enhanced online͒. Figure 10͑a͒ is a contour plot of u at the = 0 meridional cross section for the same RW 2 + as in Fig. 9 . The equatorial swirling jet seems to feel the presence of the endwalls, which prevent oscillations in the axial direction. Instead, the jet oscillates in the radial direction, causing the location of the maximum radial velocity, U max , to move back and forth along the equator. This motion is readily identified in Fig. 10͑b͒ , showing contours of u in a cylindrical surface. The amplitude of u at the equator fluctuates with . The precession speed of the wave, p = 0.0713, is prograde but an order of magnitude slower than the angular velocity of the cylinders.
The wavenumber of the most unstable perturbation of the basic state jumps from m =2 to m =16 at ⌫ = 2.92. This abrupt change corresponds to the appearance of a different mode of instability which breaks the K z reflection symmetry. The emerging rotating waves have the same symmetry group, Z 2m , as the moderate aspect ratio cases. Figure 11͑a͒ is a logarithmic color map of the kinetic energy distribution E of a rotating wave with m = 15, RW 15 − , at ⌫ = 2.6 and Re = 2600 after subtracting the axisymmetric component of the flow. The corresponding isosurface of azimuthal vorticity = 0 is shown in Fig. 11͑b͒ . The breaking of the K z symmetry is clear in Fig. 12͑a͒ , showing contours of u at the =0 meridional plane. The positive radial velocity of the equatorial swirling jet is bounded by two asymmetric spots of negative radial velocity, shown in gray. In a cylindrical surface, these spots are seen to oscillate up and down with angle, whereas the jet itself remains axisymmetric and reflection symmetric. This is clearly seen in Fig. 12͑b͒ , showing contours of u at the r = 1.5 cylindrical surface. The precession speed of the wave is p = 0.345 ͑prograde͒.
V. CONCLUSIONS
The effects of Bödewadt type boundary layers in centrifugally stable annular flows have been investigated. The stationary endwalls, enclosed by the rotating cylinders, generate a radial inflow which induces a large-scale meridional circulation. In the low-Re regime, rapid fluid motion is confined to the endwall boundary layers. However, on increasing Re an equatorial swirling jet forms. The physical mechanism setting up this jet is now well understood: The Bödewadt flow in the endwall layers drives a large-scale circulation that advects angular momentum from the endwall layers at large radii in toward small radii and then along the inner cylinder boundary layer. This layer separates at midheight to form the equatorial swirling jet. For sufficiently large Re, the equatorial jet becomes unstable to azimuthal waves with prograde precession. Three distinct modes of instability, giving rise to rotating waves characterized by their wavenumber, precession speed, and spatial symmetries, have been revealed by varying the distance between endwalls, ⌫ ͓2,10͔. These new instabilities manifest, although in different manners, in the equatorial region, highlighting the global role of endwall boundary layers in confined annular flows.
Recent work in counter-rotating regimes has revealed two new spiral flows ͑SPI +/− ͒, whose amplitudes are localized near the endwalls. 13 The SPI +/− can be distinguished by their spatial symmetries, identical to those of the rotating waves discussed in this paper. Moreover, these new states appear via Hopf bifurcations which are not predicted by linear stability analysis of circular Couette flow, i.e., under the infinite-cylinder approximation. For sufficiently large ⌫Ͼ8, the SPI +/− bifurcate at a Reynolds number independent of ⌫ and always before the classical spirals 15 of the counterrotating Taylor-Couette flow. After onset, the SPI +/− coexist with the classical spirals, which are present in the bulk of the apparatus. In a similar fashion, it would be interesting to investigate the competition between the Taylor-vortex flow and the rotating waves that we have found in the Bödewadt configuration. Contours of radial velocity u in ͑a͒ a meridional plane ͑r , z͒ ͓1,2͔ ϫ ͓−1.3, 1.3͔ at = 0, and ͑b͒ a cylindrical surface ͑ , z͒ ͓0,2͔ ϫ ͓−1.3, 1.3͔ at r = 1.5. The flow is RW 15 − at ⌫ = 2.6 and Re= 2600.
